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Abstract

Global error estimation processes applied to the first order system
of non—stiff initial value ordinary differential equations are described.
New methods are developed based on existing Runge-Kutta triples and
new special estimator formulae to yield both discrete and continuous
global error estimation. Such methods can be seen to be equivalent
to a more efficient estimation procedure based on global extrapolation
and global embedding.

1 Introduction

In previous work ([4], [9], [10], [5]) the solution of an associated problem has
been used to provide global error estimation with explicit Runge-Kutta (RK)
processes. This paper reviews and further clarifies this work, extending it
to provide continuous global error estimation when dense output is employed.

The first order system of initial value ordinary differential equations

Y'(z) = flz,y(@)],  y(xo) known, (1)

is considered. This system may be solved using a Runge-Kutta triple [§],
denoted by RKTq(p)g*, of the form:



@n-‘,—l = @n + hnzblfz’
i=1

Y1 — @n+hnzbz’fia (2)

=1

Ynio = Untohy) bi(0)f
i=1

i—1
where f, = flz, + cihn, U, + hnZaijfj], 1 =1,2,...,s" and in which

j=1
Tptl = Tp + by, hyp = 6($n)h, 0< Q(I'n) <1 @0 = y(fo), Tpto = Tp + ohy,
the discrete embedded pair are of orders g and p (¢ > p), the dense formula
is of order ¢* and it is assumed that f.. is the FSAL (First Same As Last)
evaluation so that y?,  is C' on [z,,2,41]. Local extrapolation, in which
the integration is propagated from the higher order approximation y,, to the
true solution y(x,), is the preferred mode of operation [6] and is therefore
assumed. Thus the lower order discrete process is only used to control the
step size. The FSAL assumption requires

ce=1, by=0, a,;=0b;, j=12..,5—1

Under appropriate conditions, the local truncation error t,,; , at & = Z,41,
of the RKq process may be written [3]

n+1 Z hz Z?( )F( 2 xnay(xn)]

i=q+1 7j=1

where the Fgo are the elementary differentials of f, the ?j(i) are the truncation

error coefficients, which are dependent on the RK parameters ¢;, a;; and Bi,
and the global error at z,, is €, = y,, — y(x,). The assumed ordering of the
truncation error coefficients and elementary differentials is that adopted by
Harris [13] in the generation of the equations of condition. The global error
can be estimated by solving a differential system associated with (1), two
forms of which have been considered previously [9]: these are

Yu(x) = fulr.yn(@)] = Flz,y(@)] + da(z)
r) = P(z) - flz, P(2)], (3)
Yn(ro) = ylzo) = Plxo)



and

en(x) = flr,en(x)] = P'(z) — flz, P(x) — en()], (4)
en(ro) = en = P(zo) — y(x0).

The solution of the system (3) is y,,(z) = P(x) and so, assuming P is defined,
its numerical solution by the RKq from (2) yields {y,, } with known global
error €py = Ypn — Yp(x,) which can be used to approximate g,. System (4),
which has solution e,(z) = P(z) — y(z), can be solved numerically using
any RK process, say one of order ¢, to produce €y, directly as an estimate
of e,. Practical testing [9] has shown the latter technique is preferable.

2 Discrete estimation

Asymptotically valid estimates of €, are obtained if E,, = &5, —¢&,, = O(h"),
where r > ¢. The analysis in [3], based on the associated form (3), has shown
that the order of E,, is governed by that of

Z hl IZT xn,y(xn)]

i=q+1

where H§i) [, y(z,)] = st) [, y(x,)] — Fg-i) [, y(x,)]. A similar analysis
[4] has shown that for the form (4) the order of E,, is dependent on that of

= > hz_lzT FZ [, en(xn)], (5)

i=q+1

where 7' ) and F are the truncation coefficients and elementary differentials
relatlng to the RKq process applied to the associated equation (4). Peterson
[14] has related the elementary differentials associated with (1), (3) and (4).

With either of the associated equations the choice of P(x) is crucial. The
following choices have been analysed: ([4], [9], [7])

(i) take P(z) to be the degree m piecewise polynomial interpolant of
(x;,9;) based on blocks of m steps;

(ii) as (i) but interpolating (z;, f[z:, 9,]);
(iii) as above but using Hermite interpolants based on g and f;

(iv) use the RK triple (2) to form P(z) in a single step with the following
possibilities:



(A) P(z) interpolates (Tnio;s Ynio,): J=0,1,...,m;
(B) as (A) but using fl2niq;, Yrs,,] values;

(C) using some (not necessarily all) of the y;,,, and f[znio;, Yrio)]
from (A) and (B).

A major advantage of case (iv) is that the estimation process can be
applied after each step of the numerical integration rather than following a
block of m steps. This case includes the situation

P(I) = y:L+G7

which offers computational advantages [4] over the other modes and so the
remainder of this paper assumes that this is the case and thus the degree,
m, of P(x) is predetermined by the particular dense formula being used. In
most cases m = ¢* and usually [8] ¢* is either ¢ or ¢ — 1. In what follows
the term integrator is adopted for the RK triple defined by (2) and applied
to equation (1) and the term estimator for the RK process used with (4).

Consideration of T, from (5) shows that the order of E, is dependent

on the ’7' ) and the F( ) Wwith the latter being dependent on the derivatives
of U(z) = P(x) —y(x ) for which the following bounds hold [4]

Njhminlaa+1ms1l - g =
[US @) < § Npmtas' ik 1<k <m (6)
N, E>m

Examination of the Fy),j =1,2,...,n;, shows that for fixed 7 only ng)
contains the highest derivative U @) which corresponds to the quadrature type
RK equations of condition. The remaining F;i) contain U and lower
derivatives. Table 1 gives the U derivative dependency for i = 2,3, ..., 10.
It will be useful to introduce the quantity S defined as the set of RK

truncation error coefficients of order i corresponding to the F;i)

the highest derivative U ™Y Thus

containing

stV ={a"} v

3 _(3 4 _(4 5 _(5

s =m0 s = 80 =)
4) = 5 _(5) _(5

S = {070, 8P = (70,70),

SP :{;}5)73-:2,3,6,7,9},



Table 1: Highest derivatives of U occurring in F ji :

(@)

1 J Highest deriv. | J Highest deriv.
2 1 2 1 8
3 1 3 15 7
2 2 14,53 6
4 1 4 12,13,51,52,89 5
3 3 9 1 9
2,4 2 22 8
5 1 5 21,98 7
5 4 19,20,96,97,191 6
4,8 3 10 1 10
2,3,6,7,9 2 30 9
6 1 6 29,177 8
7 5 27,28,175,176, 402 7
6,15 4
4,5,13,14,19 3
7 1 7
11 6
10,29 )
8,9,27,28,42 4

It is instructive to set ¢ = 1 and to consider the contribution of truncation
coefficients to T',, which can be seen by replacing 1_7‘5-1) by the corresponding
highest derivative of U and introducing the S{*). This gives

E, ~ Z Z hi+k_1U(k+1)S-(i+k)

1=1 k=1

which, using the appropriate order of U® (z) from (6), may be used to show
which S| and hence which 7"]@, affect the principal terms in E,,. Thus

Bl ~ > h'Vi, (7)
=1

where the V; are dependent on ¢, ¢*, m and the quk).
Zeroisation of the elements of the appropriate V; will now lead to a suitable
estimator. So the estimation process where P(x) = y; , will allow global

error estimation to be obtained at the end of every step of the integration

b}



process. Usually ¢* is either ¢ — 1 or ¢ and m is either ¢* or ¢* + 1. It is
found from (7) that

Vi = 0,t=1,2,...,¢ -1,
Ve = Vp{SW=7% k=12 ¢+1}, (8)
‘/Q*Jrl = ‘/:1*+1{S§k)7 k:172aaq*+27 Sék)a k:3a477q*+2}7

and so it is clearly preferable where possible to have ¢* = ¢. Thus from (8),

if ¢* = ¢ and 7"1(k) = 0 where

—(k)
&

bic, k1 _
k"k 1,2,...,q+1, (9)

then ||E,| will be at least O(h?*!). Using (8) again it can be seen that
2-term asymptotic estimation is possible if

77_1(]6): 0,]{?:1,277(]4‘2 and ZBlQZ,k‘:07k:17277q (10)
=2

The Q;x are functions of the RK parameters a;; and ¢; [15]. If ¢* = ¢ — 1
then additional truncation coeflicients need to be zero.

3 Continuous estimation

Applying the RK process of order ¢ with s stages together with an associated
dense process of order ¢* and 5* stages to system (4) gives

5*

Ehmi1 = Epn + hn bif; and €, , = €pn +0ohy) bi(0)f; (11)

=1 =1
where B
.= flon +Chn, €mn + hy Za”f i=1,2,...,5"% (12)
J=1

It is assumed that ¢* = ¢ — 1 or ¢, the FSAL evaluation is utilised so that
C' continuity is obtained and §* > 5§+ 1. Equation (11) yields a numerical
solution €y, approximating e,(z,4,) and using the true solution of (4)
with P(z) =y}, this leads to

Eh(xn—i-a) = yv*m—i-a - y(xn-i-cf)'



Similar to the analysis of ([4], [3]) the following result for E;_  is easily
deduced:

E, . ;= €hnio —EnlTnio) ~ O(|Enl) + T,
where

—oh, S (ohy)"~ 12 70V FV [0, en(x,)]. (13)

i=q*+1
Since the dense output solutions y;, . and €}, . are not propagated beyond
step n the expression (13) is effectively a local contribution to E;, . The
similarity between (13) and (5) allows a determination of which truncation
error coefficients 7'*< )( ), relating to the RKg*, affect the leading few terms
of T;. Taking ¢* = 1 these can be determined in a similar manner to those

in the discrete case. From an asymptotic point of view it is required that
E’__ should be at least O(h? *1).

n-+o

4 Global extrapolation and global embedding

Having obtained estimates for the discrete and continuous global errors the
extrapolated (higher order) values are §,, = y,,—€p, and Y., = Y, o —€hnio
and consideration has been given to the discrete value in [5]. The following
analysis considers the continuous situation. With x € [z, z,41] it is found
that

P(z) = P(x, +0h) =y, and P'(x, + oh) Zd*

where
m—1 ) d m—
b (o) = ZBMUJ and di (o) =0bi (o) + Udfb* Z i(L+j)o
=0 =0

Consideration of the expression for f; from (12) shows that

f1:f1—f(xm1~/n):f1_fs*+1

and
Zd* fi— f*+k7 k=1,2,...,5,
where
s*+k—1
f8*+k = f[xn + E}Chna gn + hn Z as*-}-kaj], k= 1,2, ey §*7
j=1

7



and

) abi(e Za;“ ¢), j=12...,5 k=12,...5§
As*+k,j =

Ak j—s* J—S +1,84+2,...,8+k—1, k=12...,5

Using equations (2), (11) and (12) it is found that

Yoo =Yy +0hy {Zb* )fi— Zb*

=1

which using the expressions for f, gives

5*

@:H-O' yn + Uhan* s g O_hnz}/z*(o-)f

1=1

where
Zb* di(cy) —bi(0), i=1,2,...,s"

and substitution for d;-k(ck) gives
m—1 5* m—
: - [y =aGHD
= > (1+))Bi{> bilo)e! — o’ /(7 +1)} Z 1+5)Bio’jt 77 (o)
=0 k=1 =0

where 7/ b (0), j=0,1,...,m—1 are the quadrature truncation coefficients
associated with the continuous process of order ¢* which are required zero
for valid asymptotic estimation. Thus ¥;* =0, ¢« =1,2,...,s" leading to

5*

@Z-{-g = Ign + UhnZB:(U)fS*Jri and @nJrl = @n + h’nZBl.fs*Jr’L (15)

i=1 i=1

where g, = wvy(xo) and the latter result from (15) has been obtained by
putting o = 1 giving the result for the discrete extrapolated value from [5].
This may be written

gn—i—l = :.i]n + hnzg’bfz ) g:,—&-o yn + O'han* and
i=1 i=1
i—1
f($n+cihn,@n+hn2ai7jfj), 9, = 1,2,...,5*,
fi= Z:l (16)
f(xn—l—cihn,{/n%—hnz:aivjfj), 1=s"+1,8+2,...,8
j=1



where

S5=s8"435 8§ =545, cop=¢, 1=12...,5,
T T % . * T 7 T x 7 . * * ~x%
bi=0;=0,1=1,2,...,8", bj=bi_g, b =b_.., 1i=54+1,54+2,...,5".

Thus the extrapolation process (16) is rather like a standard RK formula.
The difference being that the function evaluations with extrapolation utilise
both y,, and y,,. In what follows the term Eztrapolator will be adopted for
this process. After using the integrator at each step to obtain values y,, and
Y, by solving the system (1) there are two approaches that can be used to
obtain the required global error estimates. First the estimator can be applied
to solve the error correction system (4) giving global error estimates &, and
€rnio- Alternatively the extrapolator can be used to give error estimates
Y, — Y, and y;_ . — y, . Clearly this latter approach is to be preferred
since it significantly reduces the complexity of the overall estimation process
by eliminating the need for the second system (4) to be solved numerically.
Global Embedding is the term that has been adopted for this approach [5] and
Fortran 90 code associated with the estimation procedure can be found in [2].
Since the processes (2) and (16) utilise common function evaluations the error
estimation procedure is extremely cost effective. Assuming no step rejections
the whole procedure, after the first step, costs 5* — 2 function evaluations per
step since there are effectively two applications of the FSAL strategy. This
compares very favourably against Richardson extrapolation which costs 35
function evaluations per step where S is the cost of a basic step integration.
Richardson extrapolation has the advantage of estimating the global error
in the more accurate integration but the global extrapolation process can
obtain far better estimates by careful choice of the estimator/extrapolator as
will be demonstrated in §5.

5 Global error estimation processes

This section is concerned with the construction of RK estimation processes
with consideration being given to obtaining both discrete and continuous
estimates.

5.1 Integrator of order 3

Any third order RK triple in the form of (2) can be used as the integrator.
The RKT3(2)3 of [15] (see Table 2) where ¢ =3, ¢* =3, and s = s* =4 s
one such possibility.



Table 2: Integrator RKT3(2)3

~

%
C; CL,;j i bz bz
0 2 | 7 | 502=12049
9 | 36 9
111 1119 (3—20)
2 |2 3| 36 3
31 3 411 40(3-20)
4 4 9| 6 9
2 1 4 1
1|5 5 5/0]5]|0lc—1)

Since the RKT3(2)3 has ¢* = ¢ then from (9) 77 = 0, k=1,2,...,4,
will yield 1-term discrete estimation. Assuming distinct ¢;, ¢ = 1,2, 3, the
7" can be zeroed with § = 3 and it requires 3 = (4¢y — 3)/(2(302 —2)) and
leaves as 2 and ¢, as degrees of freedom. For the continuous estimator 5* is
taken as 4 where stage 4 is the FSAL stage which implies

54:1, 6420 and d47j:l;j,j:1,2,3.

This permits the parameters b¥(c), i = 1,2,...,4, to be found by zeroisation
of the 7'*( )( ), k=1,2,...,4. The coefficients of the extrapolator can now
be found from (14). It is noticed that if all the function evaluations were to
be evaluated using the same value of y, say Y where Yo = y(xg), then the
extrapolator coefficients give rise to an associated standard fourth order RK
process. This would mean that 1-term global error estimates, y,, — Y, in
the RK'T3(2)3 integrator could be obtained using this fourth order associated
process but it would be at a significant cost since the process would not now
be using common function evaluations. A couple of obvious possibilities arise
as to how the two degrees of freedom should be chosen. First they could be
chosen to obtain a small contribution from those truncation error terms,
7"3(z , which would generally have to be made zero if 2-term estimation was
required. This, however, raises a problem in that these consist of terms of
differing orders and it is not clear how any weighting associated with the
terms should be applied. For example should the terms with small i values
be given more weight? A second possibility is to consider the associated RK
process and choose the free parameters to give a small norm of the pr1nc1pal
truncation error terms, 7'( ), g =12 ...,9. It is easily found that the 7

and the %3(5) are related. For example

(3)
~(5) 1( ) and 7'( ) = 3 — 7"354) + 7"555).

10



Practical investigations show that the second possibility is preferable.
This leads to the choice a3 2 = 7/8 and ¢, = 1/3 and results in the estimator
EST1 and extrapolator XTR1 (see Tables 3 and 4). Notice how coefficients
from the integrator and estimator appear in the extrapolator tableau. The
estimation process using (2) and (16) effectively uses 6 function evaluations
per step, assuming no rejected steps, where it can be seen that the fourth
evaluation at step n will be the same as the first evaluation at step n+1 and
that the last evaluation at step n will be the same as the fifth evaluation at
step n+1. The coefficients of the integrator-extrapolator process can also be
found in the file rkcoeffs.pdf at https://www.peteprince.co.uk/.

Table 3: Estimator EST1

= ~ 1 *
C; aij bz bz
0 1 | 10—260+2602—90°
10 10
1] 1 1| o(992-220+415)
3 3 2 4
5 1 7 2 | —20(90%—160+6)
6 24 8 5 5
1 1 2 a(g=1)(99-5)
1 0 2 5 0 4

Table 4: Extrapolator XTR1 based upon the integrator RKT3(2)3

Ci jj b; by
0 0 0
1 1
2| 2 0 0
3 3
1 0 1 0 0
2 1 4

L 0 0

1 | 10—260+2602—90°
0 O 0 0 0 ) =
1| _3 7 28 _2 1 1| 0(992-220+15)
3 243 81 243 27 3 2 4
50 1 _ 13 2 19 _ 1 7T 2 | =20(99%-160+6)
6 972 162 243 108 24 8 5 5

1 1 2 a(0=1)(90-5)

1 0 0 0 0 5 2 =0 :

11



Higher order discrete estimation can be obtained using (8) and (10) to
zeroise more of the appropriate discrete truncation error terms. This has
been done with both § = 4 and s = 5 to give 2-term and 3-term discrete
estimators respectively. The zeroisation of truncation coefficients is generally
more costly in the continuous case and for higher order processes this may
have a significant affect on the size of 5*/5*. These estimators, EST2 and
EST3, and corresponding extrapolators, XTR2 and XTR3, can be found in
Tables 5, 6, 7 and 8 respectively and the extrapolator coefficients can be
found in the file rkcoeffs.pdf. The overall estimation processes using XTR2
and XTR3 use effectively 7 and 8 f evaluations respectively per step.

Table 5: Estimator EST?2

= — 7 Tk
C; aij bz bz
0 5 | 48—1260+12802—4503
48 48
1 1 27 270 (502 —120+8)
3 3 56 56
4| 19 39 125 | _ 1250(902—160+6)
5 25 25 336 336
1 38 _ 87 25 1 _ 0(2—30)(6—50)
7 14 14 24 24
1] = 27 125 11 o(0-1)(50-3)
48 56 336 24 2
Table 6: Estimator EST3
= - 7 Tk
C; Qg5 bl bz
0 53 | 702—26850+443602—336003+9605*
702 702
1 1 44 _ 20(24003—76502+8540—351)
4 4 117 117
13 | _ 4759183 2324452 100 500 (4802 —129052+1100—27)
20 6982500 1745625 273 273
9 | 4500387 10646649 45 50 _500(9603—2285241700—39)
10 | 1163750 2327500 28 351 351
1 | _ 7313669 3399923 33 14 5 | _ 0(44960°—1086502+82920—1948)
907725 302575 13 39 126 630
1 53 44 100 50 5 | o(0—1)(13280%—17670+529)
702 117 273 351 126 90
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Table 7: Extrapolator XTR2 based upon the integrator RKT3(2)3

7 7%
C; Qi bl bz
0 0 0
1 1
5 5 0 0
3 3
510 3 0 0
2 1 4
1 5 3 5 0 0
5 | 48—1260+12802—450°
0 0 0 0 0 i 1
1] _3 7 28  _2 1 27 270 (502 —120+8)
3 243 81 243 27 3 56 56
4 119 148 592 49 19 39 125 —1250(902—1604-6)
5 225 375 1125 125 25 25 336 336
1| —409 53 212 _37 38 87 25 1 | _oB0=2)(50-6)
126 21 63 14 7 14 14 24 24
5 21 125 1 a(0=1)(50-3)
1 0 0 0 0 48 56 336 24 0 2
Table 8: Extrapolator XTR3 based upon the integrator RKT3(2)3
Ci aij b; b
0 0 0
1 3 0 0
g o 3 0 0
— g 0’27 03 174

0 0 o 0 0 % 702—2685 +4436702 33600° 4960
1 43 5 5 3 1 44 20(24003 —76502 48540 —351)
1 576 96 72 T 64 1 117 - 117
13 | 113369191  _ 14519609  _ 14519609 5993689 _ 4759183 2324452 100 500 (4803 —12902+1100—27)
20 335160000 55860000 41895000 22344000 6982500 1745625 273 273
9 _ 927519 3044619 1014873 _ 678807 4500387 _ 10646649 45 50 _ 500(960% 2285241700 —39)
10 581875 2327500 581875 465500 1163750 2327500 28 351 351
1 692786 _ 194813 _ 779252 14909 _ 7313669 3399923 _ 33 14 5 _ (4496031086502 +82920 —1948)

209475 69825 209475 4655 907725 302575 13 39 126 630
1 0 0 0 0 % % % % % 0 0(071)(1328217176704»529)

One way to compare the efficiency of the three extrapolators associated
with the RKT3(2)3 is to compare cost (in terms of function evaluations)
against global accuracy. The RKT3(2)3 provides third order estimates, g,
and y; ., of y(z,) and y(x,4,) at © = x,, and & = x,4, respectively where
the step sequence is determined by local error estimates. Each extrapolator,
XTR1, XTR2 and XTR3, can then be used to obtain the global errors, £, and

13



€, .4, in the g, and v, . approximations. For a given initial value problem,
range of integration and a sequence of tolerances it is possible to plot log,o M
against cost where M is the maximum absolute value of the global error (e,
for the integrator or &, for the extrapolators) over all steps and equation
components. To test continuous estimation the plots of log;oM™* against cost
are used where M* is the maximum absolute value of the global error at the
mid-point of each step (€}, 5 Or €, /5). This has been done using a sample
of the problems from the DETEST suite [12] and from those used by Hairer et
al. [11]. On the vast majority of the test problems all three extrapolators gave
good estimates for both the discrete and continuous global errors over the
range of integration. Each problem considered the various log;oM or logio M*
values generated using a range of local error tolerances from 1072 down to
107 to control the local error estimates from the RKT3(2)3 integrator. Since
the estimation procedure depends on asymptotic applicability any problems
tended to occur at the more lax tolerances where in some cases the results for
XTRI1 were rather poor. Unless very accurate estimation is required XTR2 is
recommended. To illustrate the situation two example plots are considered.
Figure 1 shows the plots of the various logigM values for the integrator,
RKT3(2)3, and the three extrapolators, XTR1, XTR2 and XTR3, against
function evaluations for DETEST problem D3 and Figure 2 shows the plots
of the various log;oM* values for the AREN problem of [11].

RK'I"3(2)3 —
XTRL 7
XTR2 —k— |
XTR3 ——

0 500 1000 1500 2000 2500 3000 3500 4000

Figure 1: DETEST Problem D3: log;oM against Function Evaluations.

5.2 Higher order integrators

The global extrapolation process has been applied to integrators of higher
order. For example, the fourth order integrator, RKT4(3)4 of [15], where
qg=¢q" =4, s =5 and s = 6 has been utilised to obtain extrapolators,

14



RKT3(‘2)3 —
XTR1 i
XTR2 —K—
XTR3 —fF— 4

6 1 1 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000 4500

Figure 2: AREN Problem: log;gM* against Function Evaluations.

XTR4, XTR5 and XTR6 following a similar analysis to that in §5.1 (see file
rkcoeffs.pdf). These respectively yield 1-term, 2-term and 3-term discrete
error estimation and respectively have (3, §*) = (10,11), (11,12) and (12,14).
Alternatively EST1 and EST2 could be used to obtain extrapolators based
on the RKT4(3)4 which respectively yield 1-term and 2-term discrete global
error estimation.

Among the possible integrators of order 5 are the RKT5(4)5 of [15] where
q=¢q* =5, s =s"= 8 which effectively uses 7 function evaluations per step
and the RK5(4)7FM of [6] (frequently referred to as DOPRI5) which has
dense processes of orders 5 and 4 ([1], [8]) where with the fifth order dense
formula this process has s = 7 and s* = 9 (effectively using 8 evaluations
per step) and with the fourth order dense formula has s = s* = 7 (effectively
using 6 evaluations per step). Since practical testing [15] has shown that the
RK5(4)7FM is generally to be preferred to the RKT5(4)5 based on global
error versus cost considerations the RK5(4)7FM will be considered as the
integrator and consideration will be given to both cases where ¢* = 5 and
¢ = 4. With ¢* = 5 the required continuous global error estimates will need
to be at least O(h®) whereas for ¢* = 4 they will need to be at least O(h®).
It is important to note that the value of ¢* will govern the values of s, s*
and the quality of estimation. With ¢* = 5 the extrapolator XTR7 has been
produced where § = 6, 5 = 8 which implies that s = 15 and §* = 17 whereas
with ¢* = 4 the extrapolator XTRS8 has been produced where s =7, s =9
which implies that § = 14 and §* = 16. For both XTR7 and XTRS8 the use of
(2) and (16) will yield 3-term discrete estimation. The coefficients for both
XTR7 and XTRS can be found in the file rkcoeffs.pdf. Over a wide range
of problems and tolerances the process invoving XTRS is significantly better
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than that utilising XTR7 for discrete estimation. For continuous estimation
the difference between the two is not as great as in the discrete case. To
illustrate the estimation process three example plots are considered where
local error tolerances from 1073 down to 107 were used. Figure 3 shows
the plots of the various log;pM values for the integrator, RK5(4)7FM, and
the two extrapolators, XTR7 and XTRS, against function evaluations for
the AREN problem of [11]. Figure 4 shows the plots of the various log;oM*
values for the BRUS problem of [11] and Figure 5 shows the plots of the
various log1gM values for the DETEST problem D3.
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Figure 3: AREN Problem: log;oM against Function Evaluations.

2
; ; ; ; w ‘ RKS47FM —f—
>/<<< XTR7 —>4—
: | XTR8 b
ek
il % |
NS
A Py |
T
/X ><\ )‘-V\W\JF
s
10 | -2 |
. S
-12 i N |
— ,,><,,,,,,,,,, V4
—
14 b =
-16 | | ‘ L L L L
0 2000 4000 6000 8000 10000 12000 o -

Figure 4: BRUS Problem: log;oM against Function Evaluations.

The RK triple RKT8(6)7 of [15] where ¢ = 8, p =6, ¢* = 7, s = 13
and s* = 14 has been considered as the integrator. With s = 6 and 5* =9
an estimator and an extrapolator have been developed. The extrapolator,
XTRO (see file rkcoeffs.pdf), has § = 20 and §* = 23. This will yield 2-term
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Figure 5: DETEST Problem D3: logioM* against Function Evaluations.

discrete estimation. Notice how, for large values of ¢, the values of 5* and s*
become significantly greater than s and 5. Once again the estimation process
is illustrated by three example plots (Figures 6, 7 and 8) where local error
tolerances from 1072 down to 1072 were used.

6 Conclusions

The results of this work suggest that global extrapolation methods based
on Runge-Kutta triples are a cost effective way of global error estimation
in both the discrete and continuous cases. As might be expected the RK
triple RK5(4)7FM (with fourth order dense) together with the extrapolator
XTRS seems to give best estimation when the local error tolerances are lax
to medium whereas for stringent tolerances the RK triple RKT8(6)7 together
with the extrapolator XTR9 is preferred.
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